Abstract-In this paper, we investigate the uplink transmission performance of low-power wide-area networks (LPWANs) with regards to coexisting radio modules using LoRa as an example. In doing so we adopt a new topology to model the network where the node locations of the network of focus (LoRa) follow a Poisson cluster process (PCP) while other coexisting interfering radio modules follow a Poisson point process (PPP). To characterize the performance of the proposed model as well as obtain insights, both analytical and closed-form approximated expressions for coverage probability are derived. Based on this, area spectrum efficiency, and energy efficiency are further characterized. These results demonstrate the degree to which the performance, with regard to the aforementioned metrics, is capable of being enhanced through varying the density of the deployment of LoRa nodes around each LoRa receiver. Moreover, simulation results unveil that an optimal value of active LoRa nodes in each cluster exists that maximizes area spectrum efficiency.
I. INTRODUCTION
Internet-of-Things (IoT) is envisioned as a means to connect billions of small computing devices embedded in the environment (e.g., walls and soil) and implanted in human bodies [1] . Aiming to provide the required connectivity involving such numbers of devices, two possible networking approaches have been proposed. One is the evolution from existing wireless networks with the purpose of supporting machine-to-machine (M2M) communications in the 5G system [2] , [3] . Another approach is to design M2M-dedicated networks from scratch, such as the emerging low-power wide-area networks (LPWANs) [4] .
In LPWANs, the transmission range is the dedicating factor for highly scalable smart metering or other related applications where a small portion of data is transmitted, perhaps after considerable analysis or filtering from sensors. Another advantage of LPWANs is the energy consumption especially since such technologies consist of energy-constrained devices. It is well known that in IoT applications, the battery lifetime of some smart city sensors is required to be at least ten years. Two technical options have been proposed to increase transmission range and power efficiency of such systems yet reduces the data rate. One solution is the narrowband approach which slices the bandwidth for data transmission to reduce noise at the receiver. One of the classic technologies with the narrowband approach in LPWANs is Sigfox [5] . The second solution is to add coding gain to a higher rate signal to combat the high receiver noise in a wideband receiver. LoRa [6] is an example of the latter LPWAN approach.
Among the existing LPWANs, LoRa has attracted much attention due to its good performance on long transmission ranges with low energy consumption. Further, LoRa uses chirp spread spectrum technology, which allows the usage of cheap oscillators with more stability guaranteed at the receiver. Both advantages makes LoRa attractive to smart city scenarios. LoRaWAN is its MAC protocol supporting high capacity long range star-topologies [6] . The uplink of LoRaWAN is scheduled by end devices based on their transmission needs. With LoRaWAN, each LoRa node attempts to transmit once a new packet is generated, regardless of the channel occupancy and whether the other nodes are launching transmission at the same time. The advantage of LoRaWAN is its low energy consumption, since it senses the medium before sending its packet and does not require any synchronization to access the medium. However, the risk of packet collisions remains a problem. So far, the experiments on LoRa and other LPWAN radio modules have been conducted by different companies and research groups [7] - [9] . However, formal performance analysis of such a LPWAN is still missing, which motivates us to develop this work.
In this paper we extend the approach of designing and analyzing wireless networks using stochastic geometry. This is particularly powerful for analyzing dense networks [10] - [12] that provide massive numbers of connections for millions of devices, such as LPWANs. By assuming that wireless nodes in sensor networks or ad-hoc networks are uniformly distributed in an area, homogeneous Poisson point processes (PPPs) are known to model dense networks well. Continuing the city scenario example where sensor nodes are usually clustered, PPP cannot provide an accurate model for the interference in this situation due to its assumptions regarding uniform distribution which does not hold [13] . Among various types of spatial point processes the Poisson cluster process (PCP), where parent points form a PPP and offspring points form clusters centred at the parent point, has been specifically used for modelling wireless networks, with random cluster topologies arising from geographical factors or protocols for medium access control [13] , [14] .
PCPs have attracted much attention in recent research work on cellular networks and wireless sensor networks [15] - [18] . For heterogeneous cellular networks, PCP has been adopted to model the phenomena of nodes clustering at hotspots [15] , [16] while taking into consideration the fact that base stations belonging to different tiers may differ in terms of transmit powers, node densities, and link reliabilities. In [17] , the PCP model has been applied to wirelessly powered backscatter communication where PBs form the parent PPP and backscatter nodes are children points in the cluster. The proposed network structure enables the dense deployment of low-complexity power beacons (PBs) powering large-scale IoT architectures. Additionally, a Thomas PCP can capture the fact that a given device typically has multiple proximate devices, any of which can potentially act as a serving device. It has been used to model the device locations for device-to-device networks in [18] . Also, based on the important observations in [13] that clustering is beneficial for long range transmissions in ad-hoc networks, we believe that the PCP can model LPWANs well.
Different to previous work, in this paper we adopt a representative Matern cluster process to model the LPWANs, where the PPP cluster center is formed by LoRa receivers and the active LoRa nodes in each cluster form the children process. This is based on the fact that sensor nodes are highly clustered based on geography, such as metering sensors distributed in a building. We also assume that there are non-LoRa nodes are modelled as PPP. This topology is motivated by the fact that we can only control the clustering deployment of LoRa nodes rather than non-LoRa nodes in practical scenarios, as many of the solutions for LPWANs work over the industrial, scientific and medical (ISM) spectrum, which does not require license to access.
To the best of our knowledge, this work is the first attempt to model and analyze LPWANs using the Matern PCP model. By considering the uplink transmission of LPWANs covered by LoRa, a new Marten cluster process is invoked to model the locations of LoRa nodes as well as receivers. Moreover, the potential interference from non-LoRa nodes communicating in the same space are also considered as modelled by PPP. The closed-form expressions for the coverage probability of a typical LoRa gateway, the area spectrum efficiency, and the energy efficiency are derived. We analytically prove that significant performance gains can be achieved by decreasing the area of each cluster. We also demonstrate that there exists an optimal number of active LoRa nodes for each cluster, which can maximize the area spectrum efficiency.
The rest of the paper is organized as follows. In Section II, the system model considering LPWANs with LoRa is introduced. In Section III, new analytical expressions are derived for the coverage probability of the considered network. Area spectrum efficiency and energy efficiency are analyzed in Section IV. Numerical results are presented in Section V, which is followed by the conclusion in Section VI.
II. SYSTEM MODEL In this section, the system settings and propagation model are introduced for the considered LPWANs with LoRa modules and other coexistence radio modules.
A. Spatial Setup and Key Assumptions
We consider the uplink transmission in LPWANs covered by LoRa with interference from other non-LoRA radio modules (e.g., Sigfox nodes), where a star-topology is adopted and the LoRa nodes use single-hop wireless communication to gateways. As shown in Fig. 1 , the locations of all LoRa nodes are modelled by a PCP, where the LoRa receivers follow the parent point process and the offspring point process (one per parent) are conditionally independent. Specifically, the locations of the LoRa receivers are modeled as a PPP Φ G with density λ G . In each cluster, the locations of the LoRa nodes served by the parent receiver are conditionally independent. The union of all the offspring LoRa nodes constitute a PCP, namely, a Matern cluster process. Regarding the Matern cluster process, for a typical receiver centered at a cluster G y ∈ Φ G , the probability density function (PDF) of the connected LoRa nodes is given by
where a is the cluster radius. In this LoRa network, we assume that the number of active LoRa nodes distributed in each cluster is N with averagen. According to the specific setting in LoRa networks, different LoRa nodes can simultaneously transmit to the same receiver over the same channel by adopting different spreading factors (SFs). As in many practice environment, we also assume that there exist non-LoRa nodes, which refer to nodes connecting to other non-LoRa radio modules, as LoRa is working on unlicensed spectrum. Those nodes are modeled as a PPP Φ co with density λ co , as labelled by diamond in Fig. 1 , which will contribute the coexistence interference at the LoRa receiver. In a network with LoRa only, coexistence interference turns into zero by tuning the density of nodes connecting to non-LoRa radio modules to zero.
B. Propagation Model
At a typical LoRa receiver G y0 , the received signal-tointerference-plus-noise ratio (SINR) for the desired LoRa node, U x0 , can be expressed
where I intra , I inter , and I co refer to the powers of intrainterference caused by LoRa nodes within the same cluster, inter-cluster interference caused by LoRa nodes in the neighbouring clusters, and coexistence interference from nodes connecting to non-LoRa radio modules respectively, and they are independent since from different sources, and σ 2 is additive white Gaussian noise (AWGN) power, and P x0 refers to the transmit power from U x0 , h x0,y0 ∼ exp (1) and L (R) refer to small-scale fading coefficient and large scale fading between the desired LoRa node and the according receiver G y0 , respectively. In (2), L (R) = η x 0 −α , where η is the frequency dependent factor, x 0 is the distance between the desired LoRa node and its receiver, and α is the path loss exponent.
To get an analytical expression of SINR, we will find I intra , I inter , and I co subsequently.
1) Intra-cluster Interference: At G y0 , interference from LoRa nodes within the same cluster except the desired one is
where P x refers to the transmit power of the interference LoRa nodes within the same cluster, and h x,y0 ∼ exp (1) is the small-scale fading coefficient, and x is the distance between LoRa nodes and the LoRa receiver in the same cluster, respectively. Here, N y0 is the number of the active LoRa nodes that simultaneously transmit to the same receiver G y0 within a cluster, which follows a Poisson distribution with meann.
2) Inter-cluster Interference:
The interference from LoRa nodes in other cluster is
where P x is the transmit power from LoRa nodes served by the neighboring LoRa receiver G y , and h x,y ∼ exp (1) is the small-scale fading coefficient, and y + x refers to the distance between the LoRa node, U x , which is served by the neighbouring LoRa receivers, and the typical LoRa receiver, G y0 . N y is the number of active LoRa nodes served by a typical LoRa receiver G y0 in the same cluster.
3) Coexistence Interference: We also consider interference from non-LoRa nodes transmitting on the same frequency, which follows PPP Φ co with a density λ co . As such, the interference from these nodes can be expressed as
where P z is the transmit power from LoRa node U z served by non-LoRa radio modules, the distance between U z and typical LoRa receiver G y0 is labelled as z , and h z,y0 ∼ (1) is smallscale fading coefficient.
III. COVERAGE PROBABILITY ANALYSIS
In this section, we derive the coverage probability for a typical LoRa node. The coverage probability is defined as the probability that a typical user can successfully decode its signals at the receiver with a certain pre-determined SINR threshold.
As such, for a typical LoRa receiver with threshold γ th , the transmission coverage probability is given by
where R is the distance between the desired LoRa node and the according receiver. By applying (1) and (2) into (6), the transmission coverage probability of a typical LoRa node can be expressed as
Based on (6), we can obtain
where
are the Laplace transforms of the power density distributions of I intra , I inter and I co , respectively.
A. Interference
We turn our attention to obtaining the Laplace transforms of these interference parts in (8) . We first address the intra-cluster interference.
Lemma 1. The Laplace transform of intra-cluster interference can be expressed as
Proof.
where (a) follows the fact that h x,y0 follows a Rayleigh fading distribution, (b) is obtained by applying the generating function with assuming thatn N y0 . Changing the integration from the Cartesian coordinates into the polar and substituting (1) into (10), we can obtain (9). The proof is completed.
To obtain more insightful expressions, we use GaussChebyshev [12] , [19] to approximate (9) , which is shown in the following corollary.
Corollary 1. The Laplace transform of intra-cluster interference can be approximated in closed-form expressed as
, and
Proof. With the aid of Gauss-Chebyshev approximation, we can approximate (9) as (11), which is in closed-form. The proof is completed.
Similar to the derivation of Lemma 1, we can derive the Laplace transform of intra-cluster interference, which is shown as in Lemma 2.
Lemma 2. The Laplace transform of intra-cluster interference can be expressed as
cos θ. Here θ is the angle between the distance from the two LoRa receivers y and x , which is the distance from inter-node to its according receiver.
Here, (13) is obtained by following the similar derivation procedures as (10) . When changing the integration from Cartesian coordinates into polar, we can obtain (12) . The distance of x + y also depends on angles between x and y , which brings two nested integrals in Ξ (x, y). The proof is completed.
To obtain more insightful expressions, hence we perform approximations to make our analysis tractable.
Corollary 2. The Laplace transform of inter-cluster interference can be approximated in closed-form as
Proof. For the case when LoRa nodes are densely clustered, which means that x y, we can use the approximation as q (x, y, θ) ≈ y. As such, Ξ (x, y) ≈
With the aid of Taylor series expansion, we can have the approximation as 1 − exp (−n Ξ (x, y)|) ≈nΞ (x, y). Then substituting this into (12), we can obtain
where ( Lastly, we derive the Laplace transform of coexistence interference.
Lemma 3. The Laplace transform of the coexistence interference which comes from the nodes connecting to non-LoRa radio modules can be expressed in closed-form as
where (a) is obtained by applying the generating function, and (b) is obtained by the fact that g z,y0 follows a Rayleigh fading distribution. With the aid of applying [20, Eq. (3.241) .4], we can obtain (16) . The proof is completed.
B. Coverage Probability
Based on the derived results in last subsection, we can obtain the coverage probability of a typical LoRa node in this subsection.
Theorem 1. Conditioned on the LoRa nodes follow a Matern cluster process that is centered around each receiver, the coverage probability of a typical LoRa node can be expressed as follows:
, and L Ico (ρ m ) are given by (9) , (12) , and (16).
Proof. Substituting (1) and (8) into (7), changing to polar coordinates, we can obtain
Then based the derived results of Lemmas 1, 2 and 3, with the aid of the Gauss-Chebyshev approximation, we can obtain the desired results in (18) . The proof is completed.
To obtain more insightful expressions, we derive the following Corollary.
Corollary 3. Conditioned on the LoRa nodes follow Matern cluster process that centered around each receiver, the coverage probability of a typical LoRa node can be approximated in closed-form as follows:
Proof. We use the approximated expressions of Laplace transform rather than the exact expressions for simplicity, we obtain
Then based the derived results of Corollaries 1, 2 and Lemma 3, with the aid of the Gauss-Chebyshev approximation, we can obtain the desired results in closed-form as (20) . The proof is completed.
Remark 1. The coverage probability is a monotonically decreasing function ofn, λ G , and λ co . This indicates that from the perspective of a typical LoRa node connected to a typical receiver, either increase the density of LoRa nodes or the density of non-LoRa nodes degrades the performance of coverage probability. It is further observed that increasing average number of active LoRa nodes that simultaneously transmit to the same LoRa receiver degrades the perform of coverage probability as more intra-interference and inter-interference are introduced.
Remark 2. The coverage probability is a monotonically decreasing function of the cluster radius a. Hence, if the LoRa nodes are densely deployed around each LoRa receiver, the coverage probability of LoRa nodes will be enhanced.
If the considered networks is intra-interference limited, that is, I inter = I co = 0 and σ 2 = 0, then from (20), we can obtain the following propagation.
Proposition 1. The coverage probability of intrainterference limited case can be expressed in closed-form as
Remark 3. When the considered networks is intra-interference limited, from (22), the coverage probability is independent of the cluster radius a, which is coincident with our instinction.
IV. AREA SPECTRUM EFFICIENCY AND ENERGY EFFICIENCY
In addition to analyzing the coverage probability, we will analyze the area spectrum efficiency and energy efficiency in this section.
A. Area Spectrum Efficiency
The area spectrum efficiency is defined as the average data in bits that all transmitters can contribute per unit area.
Proposition 2. The area spectrum efficiency of the considered networks can be expressed in closed-form as
where R t = log 2 (1 + γ th ) is the transmission rate of all LoRa nodes, P ap cov is given by (20) . Remark 4. From (23), the area spectrum efficiency is a monotonically decreasing function of the cluster radius a. Therefore, the area spectrum efficiency can be enhanced by densely deploying LoRa nodes around each LoRa receiver.
B. Energy Efficiency
The total power consumption for LoRa nodes per unit area is nλ G (P x + P c ), where P x is the transmit power and P c is the circuit power consumption that is assumed to be fixed. Energy efficiency is defined as the ratio of total amount data delivered and total energy consumed.
Proposition 3. Based on (23), we can obtain the energy efficiency of the considered networks as
Remark 5. The energy efficiency is a monotonically decreasing function of cluster radius a. Therefore, the network energy efficiency can be enhanced by densely deploying LoRa nodes around each LoRa receiver.
V. NUMERICAL RESULTS
We first validate the analytical results presented in the earlier sections and investigate the tightness of various approximations derived for coverage probability. In all simulations, the locations of LoRa nodes are drawn from a PCP over a circle region with radius R n = 20 km. The parameters for the simulation are set according to LoRa specifications unless stated otherwise. The transmission frequency is f c = 868 MHz as it is used for LoRa in Europe [6] . The bandwidth is BW = 125 KHz as one of most common setting-ups for LoRa networks. The thermal noise in dBm level is calculated as σ 2 = −174 + 10log 10 (BW ). The path-loss exponents for the communication links are α = 3.5. The mean number of active LoRa nodes in each cluster that simultaneously transmit to the same receiver isn = 6 as SFs in LoRa networks are specified to change from 7 to 12. Fig. 2 plots the coverage probability of the considered network with different SINR thresholds γ th . For the figure, we can see the following:
1) The coverage probability decreases with larger cluster radius a, which is consistent with the discussion in Remark 2. This is due to the fact that in addition to that larger a increases the distance of the desired link, it also increases the inter-cluster interference because larger a makes the source of inter-cluster interference closer to the typical receiver.
2) It is also worth noting that the approximated result in (20) is well matched with the exact result given by (18) when cluster radius is a = 5 m. With increasing a, there is a small but notable gap between (20) and (18), which is caused by using the distance approximation q (x, y, θ) ≈ y in Section III. Therefore, the approximated result in (20) can be regarded as a good approximation for the exact coverage probability of LoRa nodes. In the practical scenario of LPWANs, the cluster radius a is a value in terms of kilometers typically. Here, we provide results with a = 5 m is just to justify the tightness of our approximation. Fig. 3 plots the coverage probability of the considered network versus density of LoRa receivers λ G with different densities of non-LoRa nodes λ co . Here, higher density of LoRa receivers result in higher density of LoRa nodes, which is nλ G . Form the figure, the coverage probability is monotonically decreasing with λ G and λ co . This is because larger densities of LoRa nodes and non-LoRa nodes bring higher intra-interference, inter-interference, and coexistence interference. This phenomenon is consistent with the discussion in Remark 1. Fig. 4 plots the area spectrum efficiency of the considered network versus the average number of active LoRa nodesn simultaneously transmitting in each cluster with different cluster radii a. As mentioned before, we normally consider larger cluster radius in practical LoRa network, as the aim is to support long transmission in LPWANs. Here, we present results with the cluster radius a as 500 m and 1000 m, respectively. From the curve, the area spectrum efficiency is monotonically decreasing with the cluster radius a, which is consistent with the discussion in Remark 4. It is also observed that the area spectrum efficiency is not a monotone function ofn. In other words, there exists an optimal number of active LoRa links. This behavior can be explained as follows: on the one hand, more simultaneously transmitting LoRa links bing larger intracluster interference. As such, the coverage probability decreases, which in turn decreases the area spectrum efficiency. On the other hand, as seen from (23), largern results in more efficient spectrum unitization per unit area, which enhances the area spectrum efficiency. the curve, the energy efficiency is monotonically decreasing with the cluster radius a, which is consistent with the discussion in Remark 5. It is also observed that the energy efficiency is not a monotonically decreasing function with the transmit power P x according to (24). However, when the transmit power takes 0 dBm, 7 dBm and 14 dBm, which are specified in LoRa networks, the energy efficiency decreases monotonically. The circuit power consumption P c is assumed to be 15 dBm. The above observations are capable of providing insights when determining the system parameters of LoRa networks in practical scenarios.
VI. CONCLUSION
In this paper, uplink low-power wide-area network transmission has been studied accounting for coexistence interference from other types of radio modules sharing the space. Using LoRa as an application of our technique, we investigate the potential performance improvement brought by PCP. The locations of LoRa nodes have been modeled using the Matern cluster process. Additionally, insightful closed-form expressions have been derived in terms of coverage probability of one typical LoRa node, area spectrum efficiency and energy efficiency, to characterize the performance of the developed scenarios. We have analytically shown that an effective approach for enhancing network performance is to deploy nodes more densely, and there exists an optimal value of active LoRa nodes in each cluster to maximise the area spectrum efficiency. As part of a smart city project, our results here can provide insightful guidelines to inform our real world deployment of the large-scale LoRa networks.
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